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Role of Buoyancy and the Boussinesq Approximation

in Horizontal Boundary Layers

L. G. Repekorp*
Unaversity of Southern California, Los Angeles, Calif.

AND
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The effect of buoyancy on the shear and heat transfer in a horizontal boundary layer is
studied for a fluid which has a linear density, viscosity and conductivity variation with tem-

perature.

It is shown that the problem admits a similarity solution for arbitrary buoyancy

when the external stream is accelerated as the one-fifth power of the distance from the leading

edge.
tion to the boundary-layer problem.

This case is solved numerically for both the complete and the Boussinesq approxima-
It is shown that the Boussinesq approximation gives

quite accurately a correction to the shear and heat-transfer coeflicient due to buoyancy, except
in the case of cooled flows where the boundary layer tends to a buoyancy-induced separation.
A perturbation expansion to the Boussinesq equations for small buoyancy which admits a
family of self-similar solutions for flows accelerated or decelerated as powers of the distance is
derived and the coupling between pressure gradient and (small) buoyaney effects is discussed.

Nomenclature

¢, = specific heat at constant pressure

C; = friction coefficient, see Eq. (30a)

C, = heat-transfer coefficient, see Eq. (30b)

f = dimensionless streamfunction for non-Boussinesq equa-
tions

F = Froude number; also dimensionless streamfunction for
Boussinesq equations

g = dimensionless temperature for Boussinesq equations

g: = dimensionless streamfunction, see Eq. (36a)

h = dimensionless temperature for Boussinesq equations

k= thermal conductivity

L = characteristic horizontal dimension

M = Mach number

p = pressure

P = Prandtl number

R = Reynolds number

s; = dimensionless temperature, see Eq. (36b)

t = dimensional temperature

T = dimensionless temperature

u = dimensionless horizontal velocity

v = horizontal velocity

vy = vertical velocity

w = dimensionless vertical velocity

z = dimensionless horizontal coordinate

21 = horizontal coordinate

zy = vertical coordinate

z = dimensionless vertical coordinate

o = dimensionless thermal expansion coefficient {aqts)

60 = dimensionless temperature potential (f, — f5/t¢)

§ = buoyancy parameter (FRY?2)"1

7 = dimensioness pressure

n = similarity variable

p = mass density

p = dynamic viscosity

¥ = streamfunction
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Introduction

HEN the temperature difterences across a boundary

layer are sufficiently large, buoyancy forces due to
density stratification within the boundary layer may not be
negligible. Buoyancy effects vary as the product of the
temperature difference, the coeflicient of thermal expansion of
the fluid, and a scale represented by the inverse product of the
Froude and the square root of Reynolds numbers. Their
importance in low-speed (U~%/2) large-scale (L1/?) flows such
ag oceur in geophysical fluid dynamics is well-recognized.
They can also become important in engineering applications
involving intense transfer of heat to liquid coolants (e.g.,
nuclear reactors, rotating elements subjected to high cen-
trifugal acceleration).

The effect of buoyancy on laminar forced convection over
a horizontal surface has been investigated by Mori,* Sparrow,
and Minkowycz,? and Hauptmann.? The work of Mori con-
tained an error in the sign of the buoyancy term which was
corrected by Sparrow and Minkowycz. They showed that
buoyancy increases the skin friction and heat transfer on the
upper surface of a heated plate and conversely for a cooled
plate. Hauptmann obtained the same results by means of an
approximate integral technique, whereas Mori and Sparrow
and Minkowyez derived similarity equations which were in-
tegrated numerically.

All of the above mentioned analyses were based on the
Boussinesq approximation for unaccelerated flow and in-
volved an expansion of the dependent variables about the
Blasius solution, thereby relegating the influence of buoyancy
to & secondary role. The Boussinesq approximation neglects
the effect of density variations on the inertia terms but retains
the buoyant body force. Since both the convective and the
body force terms depend on the thermal potential across the
boundary layer, this potential must be large for the existence
of substantial buoyancy effects, whereas the foregoing analyses
are limited to small perturbations with respect to buoyancy.
An evaluation of the full eftect of buoyancy on the boundary
layer on a horizontal surface and a comparison with results
obtained using the Boussinesq approximation is of consider-
able interest.

In the following section we show that one self-similar solu-
tion exists for the general laminar boundary-layer equations
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when fluid properties are functions of temperature only.
This self-similar case requires an external flow accelerated as
215, Numerical results obtained from an integration of these
equations allow an evaluation of both the eftect of the Bous-
sinesq approximation and the eftect of buoyaney. A pertur-
bation expansion valid for small buoyancy for arbitrary ac-
celeration is presented and applied to the Boussinesq equa-
tions in order to evaluate the coupling of buoyancy and free-
stream acceleration.

Analysis for Arbitrary Buoyancy

The equations of motion in the boundary layer for two-di-
mensional flow of a fluild with a constant specific heat,
neglecting dissipation, are given by

(pu)e + (pw). = 0 ey
pluw. + wu,) = —me + (pus), @
0=m -6 (3)

puT, + wl.) = (1/P)(kT.). 4)

We shall postulate a phenomenological description of the
fluid of the form

p = o) (5a)
w = w(T) (5b)
k = kE(T) (5e)

The notation is standard, and all variables have been made
dimensionless by means of the following definitions

w=uo/U, w= (/U)R"” z=ux/L,

2= (xs/L)RV?, = (p — p.)/p.UA
(6)
p = ,D*//Pa, T = (t - tO)/(tw - t“)y

w=u*/po, andk = k*/k,

The dimensionless parameters characterizing the problem are
the Prandtl number P = (u.cpo/k,), the Reynolds number
R = (p,U,L/u,), and the Froude number /' = (U,2/gL).
The parameter § appearing in the vertical momentum equa-
tion is defined as

§ = (FR'?)~ 1)

The equation of state (5a) represents the behavior of a
large group of liquids. Tt can also be viewed as an approxi-
mation to the equation of state of an ideal gas when pressure
variations {(dynamic or hydrostatic) are small in comparison
with the product of the coefficient of thermal expansion of the
gas and the temperature difterence across the boundary layer.
This means that the analysis applies then to low-speed flow
(M2 « 1, M, = Mach no.) which is consistent with the
neglect of compressional and frictional heating. The as-
sumption of a constant specific heat could be removed by
formulating the problem in terms of enthalpy and replacing
the thermal conductivity by the ratio (k/c,).

Using the equation of state (5a), the energy Eq. (4) can be
rewritten as

p(up. + wp,) = 1/P{kp.. + k(p,)2[(d*T/dp®)/(dT /dp)] +
(po)2(dk/dT)dT /dp} (8)

If we now multiply Eq. (2) by the density p and Eq. (8) by
the velocity u and add the resulting equations, the horizontal
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momentum equation becomes

pulpw). + pw(pu), + pm, =

k/u — P 2
I-‘{(P.U')zz — 2p, <%> + “/HP u & ‘ +
P/

p
dy dT 1 (dk/dT _ (p:)"
i e p (ot~ 7))+
E(ET/d | (o)
#ari )5 ©
Defining a streamfunction by
Y, = pu and ¢, = —pw (10)

and eliminating the pressure = between Eqs. (3) and (9)
yields the following two equations for the two dependent
variables pand ¢

> |1 .
—dp. = Y {*[— S ey + 1 {IP — 2p, <£> +
z p e/

k/u — P pzz} du dT 1 (dk/dT

P ‘//z; +gi,%{Pz¢zz+'p @ET—I)%X

)| |k d&*T/dp*  ~ (p.)?
, } P atjip ¥ p ]} (n
_ kK aT/dp* | LdkdT |,
J(P,\ﬁ) = P [pzz + dT/dp (Pz) :I + Par dp (pz) (12)

J@.n denotes the Jacobian [0(g,r)]/[0(z,z)]. Note that the
coordinate transformations familiar to compressible bound-
ary-layer theory (e.g., the Dorodnitsyn transformation) can-
not be used to reduce the system of equations to an incom-
pressible form because their success depends on the normal
pressure gradient being zero.

It can be shown that the self-similarity development in
what follows for the special case of a linear dependance of
density on temperature and with ¢ = k& = 1, also exists in
the more general case with p ~ 771 u ~ T® and kb ~ T
However, inspection of the equations indicates that this gen-
eralization does not substantially alter our conclusions regard-
ing the nature of the Boussinesq approximation, while sub-
stantially increasing the work involved in obtaining solutions.

We take u = & = 1 and also assume a linear variation of
density with temperature

p =1+ [(1/p)dp*/d)[.(t ~ t.) = 1 — afT (13)

where « is a dimensionless thermal expansion coefficient
(aot,) and 6 a dimensionless driving potential

0 = (tw — to)/ts (14)

The form of Kqgs. (13) and (14) can also be used to describe
the case where density variations arise due to molecular dif-
fusion driven by a concentration gradient. Equation (13)
can be viewed as an approximation to the behavior of the fluid
in a restricted temperature range. With these assurmptions,
Eqgs. (11) and (12) assume the simplified form

211 v,
—5px = 8 { R [_J(\Pz,l//) + ll’zzz - 2p, (£> +
z|p 0/,
1-r Pzz -
¥ ?]} (15)
and
PJoy) = pz (16)
The boundary conditions for the flow over a flat plate are
¢($y0) = ¢z(z,0) = ¢zz(x,o;) = 0,
Py = 1

Py = 1 — ab,
(2,0) an
Vatoo) = Ue(iT)
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Fig. 1 The influence of buoyancy and the Boussinesq
approximation on the wall shear stress and heat flux;
U;=a5,P=1,p=14+ 8T, p =k =

These equations possess a similarity form given by

v o= 280 (18a)
p = haw (18b)
n = z/xtb (18¢)

whereby they reduce to

N\ ! 1 _ ]J h//
f‘l'l _1__ % fll + })‘F <h . fl 2) — 2h/ (‘f;) . f/

o [na ~m+ [Ta- h)dn] (19)

ijto

and
R+ 2PfR" = 0 (20)

Equation (19) has already been integrated once with respect
to n to reduce it to a third-order equation. The boundary
conditions (17) transform to

Jo =fw' = =0, hy =1—ab, hu =1,
(2Y
Sl =1
where
uglx) = z1/ (22)

Thus, the similarity form applies only for a flow which is ac-
celerated according to Eq. (22).

The Boussinesq approximation can be derived from the pre-
ceding set by means of a limit process (Mihaljant). We
make the substitutions

h(T]) =1—aflT =1 — Olgg(v)
(23)
foo = Fep

and take the limit of the resulting equations as af vanishes
with a0 fixed. It is easy to show that the limiting equations
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are

B EF 4 K1 = ) = 3008 [ g+ [ gdn]
(24)
9" + §PFg’ =0 (25)
Foy=1F1"@w=F'w =0, L, g =0 (26)

Note that the Boussinesq system is characterized by only one
parameter («86) while the non-Boussinesq system depends
on the two parameters «f and 6 separately.

Due to the difterent definitions of the similarity functions,
the velocity components for the Boussinesq (B) and non-
Boussinesq (N B) cases are given, respectively, by the expres-
sions

Flay = go =

ug = PF (27a)

uvg = Pl o/ hap] (27b)
8.0k
7‘OL
6.0
50—
7 4.0

(af8)=-0.2

Fig. 2 Boundary-layer profiles of; a) velocity; and b)

temperature for U, = x'/5, P = 1; (—Boussinesq approxi-

mation; o complete solution af = as = 0.5; A complete
solution of = —0.5, a8 = —0.1).
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and
wg = — LT — §qF7) (28a)
Sr
wys = — 2B/ — Enf') (28b)
The temperature distributions are determined from the rela- 81
tions
To = (0 = t)/(te = ) = gon (292) T PROFILES
Tww = (t = W)/t —to) = [1 — hepl/af  (29b) 6
Similarly, expressions for the dimensionless skin-friction | P=0.5
coefficients are st 8<0
, . T 1\ TEMPERATURE
CpB = 1,/p,U.2 = x 1BR™I2F (30a) 4;‘)0 PROFILES
C/¥B = g=\BR=2 /1 — af (30b) o ~P=0.5,8>0
o P=5.0
and the heat-transfer coeflicients are given by 3 o 8>0
0 = qu/picn Ul — ) = @ /PR, (3la) A N
8>0
N8 = g2/ PRU2[— (h' () 0) ] (31b)
O
A result which helps in understanding the role of buoyancy al 2%
in a horizontal boundary layer or shear layer can be derived o
using the vertical momentum Eq. (3) and the equation of L T
state (13). One can show that £ ORN

a @
awm=mwm—a%$ﬁ Td: (32)

The first term on the right hand side denotes the freestream
pressure gradient and the second term contains the effect of
buoyancy. The integral is always positive, so the effect of
buoyaney is equivalent to an induced longitudinal pressure
gradient whose sign depends on the sign of §. Buoyancy acts
as an acceleration and increases the shear and heat transfer
when @ is positive (¢, > to) and vice versa when 8 is negative
(tw < to). This general result was also noted by Sparrow and
Minkowyez.

Analysis for Arbitrary Buoyancy

The similarity solutions derived in the preceding section
apply to one particular freestream acceleration. This arose
due to the coupling between the streamwise variation of the
temperature and the velocity via the baroclinic term in the
vorticity equation. In this section we derive a similarity
solution for general freestream acceleration by restricting the
magnitude of the baroclinic term and using a perturbation
expansion. The analysisis carried out only for the Boussinesq
equations.

The Boussinesq form of the vorticity and energy equations
(15) and (16) can be written as (taking v = ¢, and w =
- ‘//r)

0/0z[/ (¥, ¥) — Vo] + ab0T. = 0 (33)

and

Play =T, (34)

Table 1 Shear and heat-transfer coefficient, negligible
buoyancy, P =1, = 0, u. = a2, p =14+ T, p =k =1

af T ="/l — of) q= —hw'/ab

0 0.621 —0.405

0.1 0.620 —0.390

0.3 0.618 —0.378

0.5 0.614 —0.360

0.75 0.614 —0.334
—0.3 0.631 —0.430
—0.5 0.635 —0.447
—0.75 0.638 —0.460

Fig. 3 The effect of Prandtl number on the velocity and
temperature profiles for U, = x5 and ]a06| = 0.1; (—
Boussinesq approximation; o complete solution, of = 0.5).

with boundary conditions

l#(1,0) = ‘rl/z(.r:VO) = wzz(xvaﬁ = Tr(m) =0

(35)
Tew =1, and e = U

Restricting the buoyancy parameter a6 to be small com-
pared to unity, the eftect of buoyancy can be reasonably
evaluated by a parameter expansion with a86 as the expansion
parameter. Writing the expansions

U= Y0 4 by 4. =
23<"‘+1)/2g1(") + a06x1‘2’"gg(,,> 4+ ... (36&)
and
T=TY + afdT® 4 ... =
Siy + aﬁax““"”"”‘zsun) + ... (361))

where

n = z/x(l*m)/? (37)

and substituting into Eqs. (33) and (34), the following se-
quence of equations result

T+m
g+ g om0 =g =0, g = i =0,
(38a)
91wy =1
m 1
s+ P ";:— g8t =0, 80 =1, 8« =0 (38b)
1+ m 1—m
9" + 72 ~qg'’s — —2" g9’ + (1 — 27")9”192 =
1—m

- Ty st + ﬁ] -S‘1d"7:|, Goy = §200) = ¢'2(y = 0

(39a)
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Fig. 4 Variation of the first- and second-order wall shear
and heat flux with freestream acceleration.

and

1 1 — 5m
s+ P [A—%m i8> — 5 ghs: + (1 — 2m) gzs’l:l

(39b)

= 0, 82(0) T S2(0) = 0

The parameter m defines the acceleration of the inviseid free-
stream (u, = am) and Eq. (38a) describes the well-known
Falkner-Skan family of flows, usually characterized by the
parameter 8 = 2m/m + 1 (c¢f., Rosenhead?®). Mori! and
later Sparrow and Minkowyez? solved the above set of equa-
tions withm = 0.

The coefficients of friction and heat transfer, defined earlier
in Eqs. (30a) and (314), are determined by the relations

Bm—1 /2 .

¢, = ”—Rm—— 9" [1 1 a8, (1 — 5m)/2 Zﬁ} (408)

and

Im*l/’l

Note that for the particular case m = %, the second-order or
buoyaney contributions vary in the streamwise direction
identically as the first-order terms and that their sign depends
on the sign of 6.

’
5 $'2(0)
8'1(0) 1 @@ 1—5m) /2 ,/,i
LTO

Ch

Results

When buoyancy is negligible (8 — 0) the Boussinesq equa-
tions reduce to those for incompressible flow and become
identical with one member of the Falkner-Skan family of
self-similar flows. The solution of the full equations (NB) in
the limit 8 — 0 still retains the effect of the variation of the
density and transport coefficients of the fluid on the viscous-
inertia balance in the boundary layer. The solutions of the
Boussinesq and the complete equations are identical only in
the double limit 6 — 0, a6 — 0.

Table 1 lists the shear and heat-transfer coefficient calcu-
lated from the complete equations (NB) in the limit § = 0.
The results represent the behavior of the boundary layer in a
fluid having the assumed linear variation of properties with
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temperature. They compliment the already available tabu-
lations for other fluids (e.g., Cohen and Reshotko?), for which
p=1/T, pu = pk = 1). The trends are well known.

Figure 1 compares the solutions of the complete equations
and the Boussinesq approximation to these cquations (also
listed in Table 2). The latter is uniquely determined by the
product «86; the former depends in addition on the param-
eter @f. The comparison is made in terms of ratios of the
shear and heat-transfer coefficients to their value in the limit
6 = 0. This emphasizes the eftect of the buoyanecy-inertia
coupling which is neglected in the Boussinesq approximation.
It is seen that the effect of buoyaney on the boundary layer is
much larger than the error incurred in making the Boussinesq
approximation, except at high-cooling rates where the flow
tends to a buoyancy-induced separation.

A few typical profiles through the boundary layer are shown
m Fig. 2. The curves represent the Boussinesq approxima-
tion and points give the relevant results of the complete (VB)
solution. The Boussinesq approximation is seen to always
underestimate the velocity. Its influence on the temperature
field depends on the direction of the wall heat flux, overesti-
mating the temperature when the wall is cooled and vice versa
for a heated boundary. The differences, however, are seen to
be small. Notable is the overshoot and the associated in-
flection in the velocity profiles which oceur as the effect of
buoyancy increases with a8 > 0.

Figure 3 gives examples of the effect of the coupling between
buoyancy and the shift of the thermal layer relative to the
momentum boundary layer which is represented by the
Prandtl number. The full Eq. (19) contain a term which
vanishes for the case P = 1 (and in the Boussinesq approxi-
mation); it is the contribution of this term which we evaluate.
The results show that the Boussinesq approximation renders
the influence of buoyaney proper quite well throughout the
range of Prandtl numbers studied. However it must be used
in the form of a correction for buoyancy to caleulations of
ordinary (nonbuoyant) boundary layers which portray the
proper density-temperature variation of the fluid.

Results for Small Buoyanecy

We now consider the results obtained from the integration
of Eqs. (38) and (39). A summary of theimportant numeri-
cal quantities for several values of the Prandtl number and
acceleration parameter m [or, alternatively 8 = 2m/(m + 1)]
iseivenin Table 3. Theresultsfor 8 = 0and variable Prandtl
number at the bottom of the table are taken from the work of
Sparrow and Minkowyez.2 The dependence on 8 for a
Prandtl number of unity is shown in Fig. 4. Figure 4 shows
that the effect of buoyancy is substantially greater for flows
with low or negative acceleration (8 < 0) than for those with
positive acceleration. The principal reason for this effect lies
in the strong dependence of the magnitude of the buoyancy
forces on the vertical scale of the boundary layer. Rewrit-

Table 2 Effect of buoyancy, Boussinesq approximation,

u, = x1
P afd Foy =1 9@ =1
1 0 0.621 —0.405

1 0.05 0.673 —0.415

1 0.10 0.722 —0.424

1 0.50 1.040 —0.476

1 —0.05 0.566 —0.3%4

1 —0.10 0.508 —0.382

1 —0.20 0.342 —{0.340

1 —0.50 Separated

0.5 0.1 0.756 —0.331

0.5 —0.1 0.452 —0.234

5 0.1 0.678 —0.745

5 —0.1 0.559 —0.700




JANUARY 1972

HORIZONTAL BOUNDARY LAYLRS 39

Table 3 Solutions of self-similar flows for small buoyancy

" B8 p g'"1¢0) "1} g2 "2 j; 8/1dy ot d|sep
— 17 -1 1 0.186 —0.291 2.287 —0.592 1.937 0.0803
0 0 1 0.332 —0.332 1.424 —0.344 1.721 0.235
s % 1 0.44 —0.362 1.061 —0.277 1.590 0.422
1 i 1 0.512 —0.378 0.910 —0.258 1.526 0.563
5 3 1 0.621 —0.405 0.698 —0.241 1.428 0.890
% i 1 0.757 —0.440 0.488 —0.239 1.320 1.55
1 1 0.5 0.621 —0.312 1.035 —0.268 1.872 0.600
1 % 1 0.621 —0.405 0.698 —0.241 1.428 0.890
4 3 5 0.621 —0.724 0.272 —0.172 0.790 2.28
0 0 0.01 0.332 —0.052 15.28 —0.303 11.92 0.0218
0 0 0.7 0.332 —0.293 1.722 —0.357 1.958 0.193
0 0 10 0.332 —0.728 0.385 —0.229 0.778 0.863
ing the parameter «69 as not surprising when interpreted in the light of Eq. (41). We
(o —t)g I (to — 1) emphasize that these values are only rough estimates of the
abs = olbe = b)g L Folle 77 bo) B (41) trend because a linear approximation to the variation of C;

Uz R U2

where 8;; denotes the boundary-layer thickness, demonstrates
this dependence explicitly, as does the integral of the first-
order temperature distribution displayed in the second to the
last column of Table 3. Therefore, a decrease in either 3, P,
or both will inerease the role of buoyancy forces in a horizontal
boundary layer.

Another important result pertaining to the range of validity
of the perturbation expansion (36) can be obtained by com-
paring the solution of the Boussinesq Eqs. (24) and (25) with
the solution of the perturbation Eqgs. (38) and (39) form = 1.
It is interesting to note that the perturbation expansion
underestimates the wall shear when the wall is heated and
overestimates it when the wall is cooled. The direction is re-
versed for the heat flux. The error incurred by using the
perturbation expansion rather than the complete equations is
approximately ten percent for «88 = 0.5, indicating that the
results of Table 3 and Eqs. (40) should give reasonably
accurate estimates for other freestream accelerations when
the buoyancy parameter is less than one-half.

The last column in Table 3 gives the magnitude of the
buoyancy parameter afd for a cooled boundary (6 < 0) re-
quired to induce separation. These values were calculated
using Eq. (40a) with a dimensionless streamwise length of
unity (z = 1). We observe that the magnitude of a8d re-
quired to achieve separation increases with increasing ac-
celeration (B8) and Prandtl number (P). This behaviour ix

and C;, with a6 as separation is approached (cf., Fig. 1) is
obviously poor. The numerical integration of the equations
as separation is approached became increasingly difficult and
for this reason the curves of Fig. 1 were not extended to separa-
tion. However, by inspection of the figure we see that sepa-
ration in the case u, = z'® would occur near «#6 of 0.3
(Boussinesq case) whereas the perturbation solution predicts
itat @86 = 0.890.
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